We present a study of the main features of a two-dimensional hole gas confined near a Si-SiO 2 heterointerface. Starting from the framework of the effective mass theory, we were able to separate the Luttinger Hamiltonian into two 3ϫ3 matrices using a semiaxial approximation and still retaining the warped shape of the isoenergetic surfaces in the k x Ϫk y plane and the coupling of heavy, light, and split-off holes. This allows us to solve iteratively and simultaneously the Schrödinger and Poisson equations in the case of an inversion layer of holes in a P-channel metal-oxide-semiconductor structure for different applied gate biases. We have obtained the energy subbands and the main characteristics of the inversion layer. The form of the energy subbands suggests that the use of parabolic bands should be seriously questioned, and that even the use of a unique effective mass in each subband is not a realistic assumption. Furthermore, our results show that the character of the subbands becomes mixed as k ʈ separates from zero, and that the complete dispersion characteristics must be considered in hole studies.
I. INTRODUCTION
Despite the importance of hole confinement in the performance of complementary metal-oxide-semiconductor devices, it has not been studied in as much detail as electron confinement. This omission is due to the complexity of the valence band, which presents very significant coupling among the heavy, light, and split-off bands. However, in a realistic simulation, calculations as accurate as possible are needed to model and reproduce device behavior. One of the methods used to incorporate these effects in the solution is based on the diagonalization of the Luttinger Hamiltonian in the framework of the effective mass theory. 1, 2 This method allows the analysis of device behavior under external applied fields. Another advantage of the use of Luttinger Hamiltonian is the ease of introducing the strain effect produced by lattice mismatches such as SiGe alloys grown on Si substrates or by an external tension. Both type of strain are currently fields of active research. 3, 4 In this context, we must solve a 6ϫ6 Hamiltonian that provides the eigenfunctions and eigenvalues for each band. This is a complex problem that has been simplified in previous works under one of the following assumptions:
͑1͒ Optoelectronics researchers usually work with III-V materials, which have a high split-off energy; this is the case, for example, of GaAs alloys. In this situation, interactions produced by the split-off band are considered negligible, and one can remove these terms in the original Hamiltonian. 5 So, only a 4ϫ4 Hamiltonian is needed and coupling between split-off and heavy and light hole bands is not taken into account. This approximation cannot be applied to materials such as Si and SiGe alloys, in which the split-off energy is small enough to have great importance in their band structure.
͑2͒
The axial approximation 6 which is the first step in simplifying the whole Hamiltonian. The main disadvantage of this approximation is that it does not allow evaluation of the variation of the band structure in the k x Ϫk y plane and thus is not suitable for simulating the transport properties of the device.
͑3͒ The semiaxial approximation 7 which allows the 6ϫ6 Hamiltonian to be divided into two 3ϫ3 Hamiltonians retaining the main features of the physics of the device with a formidable saving in numerical effort.
Previous research in hole inversion layers proposes either constant effective masses 8, 9 or solving the whole 6ϫ6 Hamiltonian to obtain hole subbands. 10 In this article, we carry out an exhaustive study of the semiaxial approximation proving that it is well suited to obtain Si and SiGe device band structures under inversion conditions, including cases in which biaxial strain is present. We have solved the Schrö-dinger and Poisson equations in an iterative process, obtaining the potential distribution along the direction of the application of the external bias voltage and calculating the main features of the inversion layer thus formed for different biases. The outline of the remainder of this article is as follows: in Sec. II, we present the justification of the semiaxial approximation to transform the full 6ϫ6 Hamiltonian. In Sec. III, the results of our simulation are presented. Finally, conclusions are given in Sec. IV.
II. SEMIAXIAL APPROXIMATION
If we aim to model hole subbands in semiconductors under an external potential, both the Schrödinger and Poisson equations must be solved for this material. For holes, and given the degeneracy of the bands, this modeling is more complex than for electrons. In fact, to describe the valence and structure of a strained bulk semiconductor, we need the following 6ϫ6 Hamiltonian 1, 2, 11, 12 in the envelope-function space: a͒ Electronic mail: salvarb@gcd.ugr.es and jecb@gcd.ugr.es In the most important strained systems, the strain is produced by a lattice mismatch or a tension along one direction, and so the strain is biaxial. If we take z as the direction along which the strain is induced, then
In this case, we can use the magnitude of k ʈ and the angle between the k x axis and k ʈ :
to rewrite R and S in terms of R ʈ and S ʈ , which depend only on k ʈ , as
with
Now, we can obtain a new basis where the Hamiltonian can be block diagonalized if the dependency of g() on is in the form g()ϭ͉g()͉e
Ϫi2 . In fact, we can define
ͬ ,
ͬ , ͑7͒
ͬ , and the new Hamiltonian in this representation is
All the information related to the warping of the energy surfaces, the variations of the energy in the k x Ϫk y plane, is now contained in the term ͉g()͉ since R ʈ , S ʈ , P, and Q depend on k x and k y through the magnitude of k ʈ . HЈ can be expressed in the form
where the symbol ''ϩ'' denotes the hermitian adjoint matrix. Note that degeneracy is still maintained at kϭ0, i.e., the eigenvalues are the same for H U and H L . There are two approximations for R that allow H to be in the form desired:
͑1͒ Axial approximation: this consists in assuming that ␥ 2 ϭ␥ 3 in the term that includes e i2 . Then,
Note that ͉g 1 ()͉ is a constant function of and so the warping in the k x Ϫk y plane is not considered under this approximation.
͑2͒ Semiaxial approximation: we can rewrite the original R factor as
This approximation consists in taking
where
Now the magnitude of g 2 () contains the information on the warping through Eq. ͑13͒. Furthermore, the phase of Eq. ͑15͒ is in very good agreement with the phase of g() for the usual accepted values for Luttinger parameters, given in Table I .
When an external voltage is applied in the z direction, the equation that must be solved is
where F n,kx,ky (z) is a 6ϫ1 vector containing the components of the envelope function, I 6ϫ6 is the identity matrix of order 6, q is the absolute charge of the electron, and V(z) is the potential profile caused by the external applied voltage. Equation ͑16͒ must be solved self-consistently with the Poisson's equation. To do so, we have used an algorithm similar to that applied for some of the authors to the electron problem. 15 We begin estimating V(z) with a classic calculation. The next step is to solve Eq. ͑16͒, thus evaluating F n,kx,ky (z) and E(k x ,k y ). Next, the density of carriers, p(z), can be calculated by
where f FD is the Fermi-Dirac function and 16 ͉ n,kx,ky ͑z͉͒
The use of Eq. ͑8͒, i.e., substituting R by Eqs. ͑10͒ or ͑14͒, provides a significant saving in computation time since we can propose solutions such as thus decoupling the Hamiltonian. Furthermore, ͉g 2 ()͉ is symmetrical with respect to ϭ45°, so we only need to carry out the calculation from ϭ0°to ϭ45°to obtain the results in the rest of the k x Ϫk y plane. It should be noted that, even using g 1 () or g 2 (), the coupling between light holes and split-off holes is maintained at k ʈ ϭ0, so it is not possible to diagonalize our matrix with monocomponent functions F i,n,kx,ky (z In the above equation, N DI and N AI are the densities of ionized impurities, ⑀ is the dielectric constant of the material, n is the electron density, and p c and p(z) are, respectively, the hole densities in the continuum and in the subbands. To obtain both of them, we have defined an energy, E lim , such that for energies below E lim the hole density is evaluated as an incomplete Fermi integral 15 using a continuous distribution of the density of states. For energies above E lim , the subbands are calculated and Eq. ͑17͒ with the condition EϾE lim is used. The suitable energy (E lim ) has been chosen so that a further decrease has no consequences on the results.
With the new V(z), and using Eqs. ͑16͒ and ͑17͒, we calculate p(z) once again, continuing iteratively until convergence is achieved.
For a particular bias, V GS , this method allows us to obtain the band structure in the k x Ϫk y plane ͓E(k ʈ )͔, the distribution of the potential due to the external voltage along the z dimension of the device ͓V(z)͔, the hole density in each subband, the electron density, etc., thus characterizing the inversion layer versus the external voltage applied. In this way, we can calculate magnitudes of interest such as the average penetration of the holes into the silicon, termed the inversion layer centroid z ave , the effective transverse electric field E eff , the nature of each subband, the inversion charge, and so on.
III. RESULTS
In this section, we present the main features of a Si inversion layer deduced from the model in Sec. II.
The structure simulated is shown in Fig. 1 , where we have depicted the potential distribution of the cross section of a P metal-oxide-semiconductor transistor. The applied bias, V GS , has been changed from Ϫ0.5 to Ϫ5 V. We have chosen the doping of the material as 3ϫ10 17 cm Ϫ3 and the width of the oxide layer has been fixed at 10 nm. Figure 2 shows the main average magnitude used in inversion layers. Figure 2͑a͒ presents the behavior of z ave vs V GS , where z ave is defined as usual:
Our simulation has obtained a z ave between 2.61 and 2.11 nm for V GS ϭϪ2.5 and Ϫ5.0 V, respectively. z ave has been revealed to be an important parameter in electron models, 17 and it is expected to play a similar role in hole confinement. Moreover, to assess the importance of several scattering mechanisms as interface roughness and Coulomb scattering, precise calculations of z ave are needed to determine the distance from the interface where carriers concentrate. As far as we know, the data in this work are the consistently calculated results taking into account the whole band structure for the first time.
In Fig. 2͑b͒ , we have plotted the resulting effective transverse electric field, defined as
This field has been compared with one where the shape of the hole density is not taken into account,
where Q D and Q I are the total depletion and inversion charges. As can be seen from the figure, we obtain a very good fitting with Eq. ͑23͒. In order to be certain that we are working in the inversion regime, we have fixed a carrier concentration of 4 ϫ10 12 cm Ϫ2 to obtain the results below and for convenience have plotted the hole energy as positive. Figures 3͑a͒, 3͑b͒ , and 3͑c͒ are plots of the band structure in the k x Ϫk y plane for the lowest subbands obtained for this concentration from H 3ϫ3 U . Note the complexity of the subband dependence on k x and k y . These graphs make it evident that this complexity must be taken into account if transport holes are to be modeled accurately. We have also plotted the isoenergetic lines, showing how warping can become too great to be ignored. In addition, the greater k ʈ , the more noticeable is this effect. The first subband ͓Fig. 3͑a͔͒ corresponds to what has usually been called pure heavy hole subbands in k ʈ ϭ0, while the second and third ͓Figs. 3͑b͒ and 3͑c͔͒ have a mixture of light hole and split-off hole characteristics, 3͑b͒ being primarily light and 3͑c͒ mainly split-off. In Fig. 4 , the components of the wave functions at k ʈ ϭ0 have been plotted. Here, the eigenfunctions are degenerated since H 3ϫ3 U and H 3ϫ3 L coincide at this point, as commented above. This figure makes it plain that the terms ''heavy hole'', ''light hole'', and ''splitoff hole'' are only licenses that researchers take, but do not actually provide an accurate description of the physical phenomenon. In order to study this topic further, we have calculated the nature of the bands as . We have then plotted these magnitudes along k ʈ in Fig. 5 for an initial heavy hole subband. It is clear that the nature of the bands is mixed, proving that this phenomenon is not well described with simpler models and that the socalled ''split-off'' holes contribute more than the ''light holes'' in the nature of the subband for k ʈ Ͼ1.5ϫ10 7 cm
Ϫ1
. The EϪk ʈ relationship is shown in Fig. 6 . This figure is a representation of Fig. 3 for fixed directions in the k x Ϫk y plane ͑ constant͒. We have plotted data for the first five subbands for H U and H L . As can be seen, the complexity of the subbands is again apparent and we still have degeneracy. Moreover, in some places there is not strictly degeneracy but the values of the energy are so near that they should be considered as one if the holes reach these energies. This can greatly complicate hole transport problems. We can therefore conclude that considering parabolic bands is a very crude approximation in the valence band. It is even difficult to define a unique effective mass for each subband that would have any physical sense. It is important to note that while in electron studies all the subbands have the same sign in their curvature at k ʈ ϭ0, hole subbands do not. This means that some states in hole subbands behave like conduction-band electrons at small k's and, therefore, the complete dispersion characteristics must be considered in hole studies.
IV. CONCLUSIONS
A complete analysis of a hole inversion layer has been carried out under the effective mass theory framework. We have justified the use of a semiaxial approximation to separate the 6ϫ6 Hamiltonian retaining the warping of the valence bands. With the resultant two matrices, we have numerically solved in an iterative process the coupled system formed by the Schrödinger and the Poisson equations to characterize the inversion layer of a P metal-oxidesemiconductor and to obtain the dependence of the energy subbands on k ʈ . From this dependence, we conclude that the nonparabolicity of the subbands given by the warping they show is a very important feature that makes the usual parabolic approximation and even the use of a unique effective mass for each subband very difficult to justify.
What is more, the subbands appear to present degeneracy or quasidegeneracy in intervals of k ʈ , where their values are so similar that for transport properties this band should be taken as degenerated, increasing the degree of complexity for this type of carriers.
The detailed knowledge of the subband structure that our method gives could be a starting point for the modeling of the transport properties of hole-controlled electronic devices. 
